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Let us consider the system of integral-differential equations
x
dz ¢
L[z EEE-—A(I)Z—-)K(Z, t) z (t) dt = B(x)u (1)
0
with the initial conditions 2(0) = b and the functional
o t
J[M==S[f(ﬁc(ﬂza)+gz*0)QU,Qz(er+u*U)Hﬂdh @
0 0
C(x)20, Q{x, t)>o0, H(x)>0, det A(x)£0

where O < ¢ 1s a small parameter, A (), K (z, #); B (2), C (z), H () and Q (=, ?)
are known matrix functions (¢, ¢ and § are symmetric matrix functions), and
b 1s an n-dimensional constant vector.

Let us pose the problem (D) of finding the control U = U (x) such that
for O < e < ¢ (wnere ¢ 1s sufficiently small positive nuﬁber), the equa-
lities

lim z_ (z) = 0 for x — o0, J [u} = min for e -0

will be satisfied.

Let us conslider the system of integral equations
X

LJMEA@U+SKMQUM&=BMwm @)
and the functional ’
oo t
J [w] = S [u* @wCc@Eve 4+ S v (1) Q (¢, 8) v(s)ds +w*Hw]dt (4)
0 0

Let us pose the problem (p,) of finding the control gp(x) such that the
equalities

lim »(z) =0, J [w] = min
400

will be satisfied.

Henceforth we shall designate D, &s degenerated with respect to the prob-
lem p, and the problem\ D to be perturbed with respect to the problem Jp,.
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Let w,= wo(x¥) be an admissible control for which
Lilgl =B@w, (@) =w(r)—w(@), p)=q)—vi
and let R(x, s) be the resclvent of the kernel A~'(x) Xx(x, t) . Then
Ly [p ()] = B (2) I (2)

Jwl=Jlw+ 1@ =J[wl+J[l@)]+
o< t
%-ZS[p*U>CU)va)+-Sp*u)Qa,gv(gds+z*u)H(ow]dz ©)
0 0 )
and the function

p(@)=\R(z,s) A7 (s) B (s) ! (s) ds

St IR

satisfies the system L, [p] = B (z) I (z). We have
x

p* (@) = S * (5) Rq (=, 5) ds
0

Here, p*(x), 1*§x) are conjugate vectors relative to the vectors p(x)
and I(x), and R,(x,s) 1s a known n X n matrix function.

Theoren 1 . Let the system of integral equations
L, [v] = B (z) a ()

have the solution wv(x) such that

lim v (z) = 0, Swwumm<+m
X~+00 °
Then the function w (x) = — H™!(2) B* (z) a (x) will be a unique optimum
control where
oo B
cw=—r1@{Beycoro+{ewveala ®
x 0

Proof . Let us assume now that the optimum control for the problem
D, has the form

w(x) = — H (z) B* (x) a (z)

o0 t
[p* @®C @) v+ Sp‘ Q@ s)v(ds+ I* (t)H(t)w(t)]dt=

0]

t
* (s) Ry (¢, 9) ds[C &y v () + S Q-' t, s) v(s) ds] 4 () H (1) w () } dt =

0

|
2l

=°§ * (s) {°§R. (t, s)[C ®) v—|—§ Q(t, 35 vi(s) ds]dt —B* (s)a (s)} ds=0
0 8 %

Then 1t follows from (5) and {6) that the wu{x) will be optimum control.

Let us say that the » X n matrix function 4(x) satisfies the condition
(s) 1if for all z > 0 the inequality
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Yy [A (2) + 4* (2)] < — aE,, <0 (a = const, a > 0)
is valid.

Lemma 1 . If the matrix function 4(x) satisfles the condition
($) then for all z > s> 0 for the fundamental matrix

W, (z,9) W, (s,8) = E,]
of the system of Equations

ey =A@y
the inequality

(z —s)

I, @ )| <K exp —— (K = const)

is satisfied.

Let us consider the system é&n’ (z,€) =A (z)n (z, &) witl the initial con-
dition of the form n(0) = b, ~v(0). On the basis of Lemma 1, for all x» O
the inequality

a
|7 (@, &) | < Kyoxp—g— (Ko = const)

will be valid for m(x, ¢) .
By means of the substitutilon

z(z,8) =v(z) +xn (z,e)+ ek (2,8), u(z, e =w(()+enze

we reduce the system of equations (1) anu the functional (2} to the form

¢ 1
LB =B@n@—v @+ {K@ogatga )
0

£@0,8)=0
Jhul=J[w+en] =J [w]+ e ] + Jy (e) + Jy (e)

where .

Jole) =2 S 7+ (2, €) [c o +\ Q@ ) n(s e ds] dt
0

[}

0

nEe=2{40t0+v OHO 10O
0

n* (t,e) Q(t,s)ds (8)

[ T

t
Ao (1) = v* (t)C(t)+Sv*(S) Qt,s)ds+n* () C (1) +
0

~ o

It 1s easy to see that for sup (|C ()| v|[ Q (=, &
Io(e)-'O as e =~ 0 .,

Let V, (v, s) IV, (s, s) = L, | satisfy the system

| < €y = const the integral

g %-—:A(x)y-{-gl{(ap,t)y(t,s)ds, se [0, 00)

8
where g 1s a certain parameter. Then the function

X x 1 8
twa=\r ot B@n@d -\ e[\ Keom—vole ©
[1] (1] 0
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satlsfles the system (7) and the initial condition £{0, ¢) = 0 .
Let the function n{x) satisfy the system

W (2) H (50 (2) = Ap (2){\ V. (& ) B (8) 1 (&) ds —
¢ &

s

Ve (2, 5) %[SK (s, W& (v, &) dv— v (s}] ds} {10)
0

B e

Then there results from (8) and (9) that ., (¢} = O . Thus the following
theorem 1s proved.

Theorem 2, If the system of equations (7) and (10) has the solu-
tions €£{x, ¢} and n{x, ¢) such that

0

lmE (v, &) = 0, S?mﬂgmam<+w

4]

then for ¢ - O the function u (x) =w (z) + en (2, €) will be a unique optimum
control of the perturbed problem 2D

In conclusion, let us note that the idea of the present paper is applica-
ble for more general systems with aftereffect [4].
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